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Let G be a graph and dv denote the degree of the vertex v in G. The zeroth-order
general Randić index of a graph is defined as R0

α(G) = ∑
v∈V (G) dv

α where α is an
arbitrary real number. In this paper, we investigate the zeroth-order general Randić
index R0

α(G) of conjugated unicyclic graphs G (i.e., unicyclic graphs with a perfect
matching) and sharp lower and upper bounds are obtained for R0

α(G) depending on
α in different intervals.
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1. Introduction

Let G = (V (G), E(G)) denote a graph whose set of vertices and set of
edges are V (G) and E(G), respectively. For any v ∈ V (G), we denote the neigh-
bors of v as N (v). By n(G) and �(G) we denote, respectively, the order and
maximum degree of graph G. The Randić index of G defined in [16] is

R(G) =
∑

uv∈E(G)

(dudv)
−1/2,

where dv = dG(v) denotes the degree of the vertex v in G. Randić showed that
his index is well correlated with a variety of Physic–Chemical properties of an
alkane. The index R(G) has become one of the most popular molecular descrip-
tors, the interesting reader is referred to [1, 3, 4, 14–17]. The zeroth-order Randić
index R0(G) of G defined by Kier and Hall [10] is R0(G) = ∑

v∈V (G) dv
− 1

2 .
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Pavlović [14] determined the unique graph with largest value of R0(G). In [6],
Lielal investigated the same problem for the topological index M1(G), also
known as Zagreb index [17], which is defined as M1(G) = ∑

v∈V (G) dv
2. Li

and Zheng [13] defined the zeroth-order general Randić index as R0
α(G) =∑

v∈V (G) dv
α. Li and Zhao [11] characterized the trees with the first three largest

and smallest zeroth-order general Randić index with α being equal to m, −m, 1
m ,

− 1
m where m � 2 is an integer.

In [8], Hu et al. investigated the molecular graphs having the smallest and larg-
est zeroth-order general Randić index. Hua and Deng [9] gave sharp lower and upper
bounds for zeroth-order general Randić index among all unicyclic graphs.

All graphs considered here are both finite and simple. We denote, respec-
tively, by Sn, Pn, and Cn the star, path, and cycle with n vertices.

Let (G1, v1) and (G2, v2) be two graphs rooted at v1 and v2, respectively,
then G = (G1, v1) �� (G1, v2) denote the graph obtained by identifying v1 with
v2 as one common vertex. Let Uk(n) denote the set of all unicyclic graphs of
order n and with k as its length of cycle. By Uk(2m, m) we denote the set of con-
jugated unicyclic graphs of order n = 2m in which the length of its unique cycle
is k, where m is the number of matchings in G. For any graph G in Uk(2m, m),
we denote the unique cycle of length k in G as Ck . Other notations and termi-
nology not defined here will conform to those in [11].

For any graph in Uk(2m, m) with n = 2m = k or n = 2m = k + 1, its
zeroth-order general Randić index can be uniquely determined. So we will always
assume that n = 2m � k + 2 throughout this paper.

In this paper, we investigate the zeroth-order general Randić index for the
conjugated unicyclic graphs (unicyclic graphs having a perfect matching). For
any graph G ∈ Uk(2m, m), we give sharp lower and upper bounds for R0

α(G)

depending on α in different intervals.

2. The zeroth-order general Randić index of conjugated trees

For convenience, we introduce some notations in the following.
Let T (n, m) denote all n-vertex trees with an m-matching. Let n and m

be positive integers such that n � 2m. A tree T 0(n, m) is defined as follows:
T 0(n, m) is obtained from the star Sn−m+1 by attaching a pendent edge to each
of certain m − 1 non-central vertices of Sn−m+1, then T is a tree with an m –
matching. In particular, when n = 2m, the tree T 0(2m, m) has a perfect match-
ing.

The following two lemmas due to Hou and Li in [7], which will be helpful
to the proofs of our main results.

Lemma 2.1. Let T be a n-vertex tree (n � 3) with a perfect matching, then T has
at least two pendent vertices such that each are adjacent to vertices of degree two.
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Lemma 2.2. Let T be a n-vertex tree (n � 3) with an m – matching where n >

2m, then there is an m – matching M and a pendent vertex v such that M does
not saturate v.

It is easy to get the following trivial results:
When α = 0, R0

α(T ) = ∑
v∈V (T ) dv

α = n, where n is the order of the tree T .
When α = 1, R0

α(T ) = ∑
v∈V (T ) dv

α = 2m, where m is the number of edges
of the tree T .

So, we need only to consider the two casesα ∈ (0, 1)andα ∈ (−∞, 0)
⋃

(1, +∞).
For all trees T in T (2m, m) and α ∈ (−∞, 0)

⋃
(1, +∞), sharp lower and

upper bounds for R0
α(T ) are obtained in the following theorem.

Theorem 2.3. Let α > 1 or α < 0 and T be any tree in T (2m, m) where m � 1,
then 2 + (2m − 2)2α � R0

α(T ) � mα + (m − 1)2α + m with left equality holds
if and only if T ∼= P2m and with right equality holds if and only if T ∼= T 0

(2m, m).

Proof. We divide the proof of theorem into two parts.
First, we will show R0

α(T ) � mα + (m − 1)2α + m.
Let T be a tree in T (2m, m). If T ∼= T 0(2m, m), then R0

α(T ) = R0
α(T 0(2m, m)).

Otherwise, let u be a vertex in T such that d(u) = �(T ), then d(u) � 2. By
lemma 2.1, there exists a pair of adjacent vertices, say x1 and y1 in T such that
d(x1) = 1 and d(y1) = 2. Let N (y1) − {x1} = {z1}.

Set T (1) = T − y1z1 + uy1, then T (1) ∈ T (2m, m). Note that

R0
α(T (1)) − R0

α(T ) = [(du + 1)α − dα
u ] + [dα

z1
− (dz1 − 1)α]

= α(ξα−1 − ηα−1),

where dz1 − 1 < η < dz1 � du < ξ < du + 1.
Then R0

α(T (1)) > R0
α(T ) since α > 1 or α < 0.

Let T ′ = T (1) −{x1, y1}, then T ′ ∈ T (2(m −1), m −1). Once again by lemma
2.1, there exists a pair of adjacent vertices x2 and y2 in T ′ with d(x2) = 1 and
d(y2) = 2. Let N (y2) − {x2} = {z2}. Set T ′′ = T ′ − y2z2 + uy2, obviously dT ′(u) =
�(T ) = �(T ′). Similarly, we have R0

α(T ′′) > R0
α(T ′).

Denote T (2) = T (1) − y2z2 + uy2, then

R0
α(T (2)) = dα

x1
+ dα

y1
+ (du + 2)α − (du + 1)α + R0

α(T ′′)
= 1 + 2α + (du + 2)α − (du + 1)α + R0

α(T ′′)
>∗ 1 + 2α + (du + 1)α − dα

u + R0
α(T ′)

= R0
α(T (1)).

The inequality (∗) holds due to the fact that (du + 2)α − (du + 1)α > (du +
1)α − dα

u when α > 1 or α < 0 and R0
α(T ′′) > R0

α(T ′).
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Repeating the above process in many times, we finally get a sequence of
trees T (1), T (2), . . . T (l), . . . such that R0

α(T ) < R0
α(T (1)) < R0

α(T (2)) < · · · <

R0
α(T (l)) < . . . . There must exist some positive integer s such that T (s) ∼= T (s+1),

and then T (s) ∼= T 0(2m, m). So R0
α(T ) < R0

α(T 0(2m, m)) and then R0
α(T ) �

R0
α(T 0(2m, m)) = mα + (m − 1)2α + m with equality holds if and only if T ∼=

T 0(2m, m).
Second, we will show that R0

α(T ) � 2 + (2m − 2)2α.
If T ∼= P2m , then R0

α(T ) = R0
α(P2m). Otherwise, let P2m be operated as

above, we have R0
α(P2m) < R0

α(T (1)) < R0
α(T (2)) < · · · < R0

α(T (l)) < · · · .
There must exist some positive integer j � 1 such that T ∼= T ( j), so R0

α(T ) =
R0

α(T ( j)) > R0
α(P2m). Therefore, R0

α(T ) � R0
α(P2m) = 2 + (2m − 2)2α with equal-

ity holds if and only if T ∼= P2m . 	

When 0 < α < 1, the following theorem follows immediately from the proof

of theorem 2.3.

Theorem 2.4. Let 0 < α < 1 and T be any n-vertex tree in T (2m, m) where m � 1,
we have mα + (m −1)2α +m � R0

α(T ) � 2+ (2m −2)2α with left equality holds if
and only if T ∼= T 0(2m, m) and with right equality holds if and only if T ∼= P2m .

3. The zeroth-order general Randić index of conjugated unicyclic graphs

In this section, we will give sharp lower and upper bounds for R0
α(G)

among all conjugated unicyclic graphs in Uk(2m, m) according to α in different
intervals.

First, we will establish some lemmas which will be useful to the proofs of
our main results.

Lemma 3.1. If T is a tree in T (2m + 1, m), then there exists at least one pendent
vertex u in T such that u is adjacent to a vertex of degree two.

Proof. Let T be a tree in T (2m+1, m) and M an maximal matching of T . There
must exist a vertex, say u, in T such that u is not saturated by M .

Since T ∈ T (2m +1, m), then T −{u} ∈ T (2m, m) and M is a perfect match-
ing of T − {u}. By lemma 2.1, there exist two pendent vertices in T − {u} such
that each is adjacent to a vertex of degree two.

Hence T has at least one pendent vertex such that it is adjacent to a vertex
of degree two. This completes the proof.

Lemma 3.2. Let α > 1 or α < 0 and T be any tree in T (2m +1, m) (m � 1), then
R0

α(T ) � R0
α(P2m+1) with equality holds if and only if T ∼= P2m+1.
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Proof. Let T be a tree in T (2m + 1, m). By lemma 2.2, there exists a pendent
vertex v in T such that v is not saturated by some maximal matching M of T .
Since T ∈ T (2m + 1, m), all vertices in T − {v} are saturated by M . So T − {v} ∈
T (2m, m). Let N (v) = {w}. Note that R0

α(T ) = R0
α(T −{v})+dα

w−(dw−1)α+dα
v =

R0
α(T − {v}) + dα

w − (dw − 1)α + 1. Hence, from theorem 2.3 it follows that

R0
α(T ) � R0

α(P2m) + dα
w − (dw − 1)α + 1

= 2 + (2m − 2).2α + dα
w − (dw − 1)α + 1

�∗∗ 2 + (2m − 1).2α

= R0
α(P2m+1).

To show (∗∗) holds, it suffices to prove that dα
w − (dw − 1)α + 1 − 2α � 0.

If dw = 2, then dα
w − (dw − 1)α + 1 − 2α = 0. Otherwise dw � 3, then

dα
w − (dw − 1)α + 1 − 2α = α(ξα−1 − ηα−1) > 0 since α > 1 or α < 0, where

1 < η < 2 � dw − 1 < ξ < dw.
Consequently, R0

α(T ) � R0
α(P2m+1). It is not difficult to see that the above

equality holds if and only if R0
α(T − {v}) = R0

α(P2m) and dw = 2, which implies
that T ∼= P2m+1 by theorem 2.3.

Lemma 3.3. Let α > 1 or α < 0 and T be any tree in T (2m + 1, m)(m � 1), then
R0

α(T ) � R0
α(T 0(2m+1, m)) with equality holds if and only if T ∼= T 0(2m+1, m).

Proof. Let T be a tree in T (2m + 1, m). If T ∼= T 0(2m + 1, m), then R0
α(T ) =

R0
α(T 0(2m +1, m)), otherwise by lemma 2.2, there exists a pendent vertex v in T

such that v is not saturated by some maximal matching M of T . Let N (v) = {w}
and du = �(T ). Set T ′ = T − vw + uv, then T ′ − {v} ∈ T (2m, m). By theorem
2.3, we have R0

α(T ′ − v) � R0
α(T 0(2m, m)). So we have

R0
α(T ′) = R0

α(T ′ − v) + dα
v + (du + 1)α − dα

u

� 1 + R0
α(T 0(2m, m)) + (du + 1)α − dα

u

<∗∗∗ 1 + R0
α(T 0(2m, m)) + (m + 1)α − mα

= 1 + mα + (m − 1).2α + m + (m + 1)α − mα

= (m + 1)α + (m − 1).2α + m + 1

= R0
α(T 0(2m + 1, m)).

To show (∗ ∗ ∗) holds, it suffices to prove that (du + 1)α − (du)α < (m +
1)α − mα. Since �(T 0(2m, m)) = m and T � T 0(2m + 1, m), then d(u) � m. If
d(u) = m, then [(m+1)α −mα]−[(du +1)α −dα

u ] = 0. Otherwise, [(m+1)α −mα]−
[(du + 1)α − dα

u ] = α(ξα−1 − ηα−1) > 0, since du < η < du + 1 � m < ξ < m + 1
and α > 1or α < 0.

Hence R0
α(T ) < R0

α(T ′) < R0
α(T 0(2m+1, m)) and then R0

α(T ) � R0
α(T 0(2m+

1, m)) with equality holds if and only if T ∼= T 0(2m + 1, m).
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The following two lemmas are obvious.

Lemma 3.4. Let 0 < α < 1 and T be any tree in T (2m + 1, m) (m � 1), then
R0

α(T ) � R0
α(P2m+1) with equality holds if and only if T ∼= P2m+1.

Lemma 3.5. Let 0 < α < 1 and T be any tree in T (2m + 1, m)(m � 1), then
R0

α(T ) � R0
α(T 0(2m+1, m)) with equality holds if and only if T ∼= T 0(2m+1, m).

Let S = {vi ∈ V (Ck)|d(vi ) � 3}. For any vi ∈ S, by T (vi ) we denote the
connected component containing vi of the graph G − {vi−1vi , vivi+1}.
Lemma 3.6. Let G be a graph in Uk(2m, m), then, for each vi ∈ S, we have that
T (vi ) belongs either to T (ni ,

ni
2 ) or to T (ni ,

ni −1
2 ).

Proof. Since G ∈ Uk(2m, m), there exists a perfect matching M of G such that
every vertex in G is saturated by M .

For each vi ∈ S, let M ′ = M
⋂

E(T (vi )), then M ′ is also an matching of
T (vi ).

If vi−1vi ∈ M or vivi+1 ∈ M , then vi is not saturated by M ′, but all other
vertices in T (vi ) − {vi } are saturated by M ′ since G ∈ Uk(2m, m). So T (vi ) ∈
T (ni ,

ni −1
2 ).

If vi−1vi �∈ M and vivi+1 �∈ M , then vi is saturated by M ′ as well as all
other vertices in T (vi ) − {vi }, so T (vi ) ∈ T (ni ,

ni
2 ).

For any G ∈ Uk(2m, m), the following several lemmas will give necessary
conditions on which R0

α(G) attains extremal values.

Lemma 3.7. Let α > 1 or α < 0 and G be a graph in Uk(2m, m) such that R0
α(G)

is as small as possible, then T (vi ) ∼= Pni for each vi ∈ S where ni = n(T (vi )).
Moreover, vi is one pendent vertex of Pni .

Proof. Let G be a graph in Uk(2m, m) such that R0
α(G) is as small as possible

and vi a vertex in S. Let vi−1 and vi+1 denote the two neighbors of vi along
the cycle Ck . We write A = [dα

vi
− (dvi − 2)α] + [dα

vi+1
− (dvi+1 − 1)α] + [dα

vi−1
−

(dvi−1 − 1)α]. Let G1 denote the connected component not containing vi of the
graph G − {vi−1vi , vivi+1}. Then R0

α(G) = R0
α(G1) + A + R0

α(T (vi )). By lemma
3.6, T (vi ) belongs either to T (ni ,

ni
2 ) or to T (ni ,

ni −1
2 ). In either cases, we have

R0
α(G) � R0

α(G1) + A + R0
α(Pni )

by theorem 2.3 and lemma 3.2. Moreover, the above equality holds if and only
if T (vi )) ∼= Pni .

In the following, we will show that vi is one pendent vertex of Pni , that is
d(vi ) = 3. Assume that d(vi ) �= 3, then d(vi ) = 4 since T (vi )) ∼= Pni . Let N (vi )−
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{vi−1, vi+1} = {x, y} and M be a perfect matching of G. Then there were at least
one of two edges vi x and vi y which does not belong to M . Without loss of gen-
erality, we assume that vi x �∈ M . Let P(y) = y1 . . . yp(p � 2) denote the path
with y1 = y as one of its pendent vertex.

Set G ′ = G − vi x + ypx , then G ′ ∈ Uk(2m, m) and

R0
α(G ′) − R0

α(G) = (2α − 1) − (4α − 3α).

Since α > 1 or α < 0, we have R0
α(G ′) < R0

α(G), contradicting the choice
of G. Consequently, the desired result follows.

Lemma 3.8. Let α > 1 or α < 0 and G be a graph in Uk(2m, m) such that
R0

α(G) is as great as possible, then for each vi ∈ S, we have T (vi ) ∼=
T 0(ni ,

ni
2 ) or T (vi ) ∼= T 0(ni ,

ni −1
2 ). Moreover, if T (vi ) ∼= T 0(ni ,

ni
2 ), then

d(vi ) − 2 = �(T 0(ni ,
ni
2 )); if T (vi ) ∼= T 0(ni ,

ni −1
2 ), then vi is one pendent vertex

of T 0(ni ,
ni −1

2 ) which is adjacent to the maximum-degree vertex of T 0(ni ,
ni −1

2 ).

Proof. Let G be a graph in Uk(2m, m) such that R0
α(G) is large enough. Let vi

be a vertex in S. Let vi−1 and vi+1 denote the two neighbors of vi along the
cycle Ck . We write A = [dα

vi
− (dvi − 2)α] + [dα

vi+1
− (dvi+1 − 1)α] + [dα

vi−1
−

(dvi−1 − 1)α]. Let G1 denote the connected component not containing vi of the
graph G − {vi−1vi , vivi+1}. Then R0

α(G) = R0
α(G1) + A + R0

α(T (vi )). Combining
theorem 2.3, lemmas 3.3 and 3.6, we obtain

R0
α(G) � R0

α(G1) + A + R0
α

(
T 0

(
ni ,

ni

2

))

if ni is even or

R0
α(G) � R0

α(G1) + A + R0
α

(

T 0
(

ni ,
ni − 1

2

))

if ni is odd.
The above two equalities hold if and only if T (vi ) ∼= T 0(ni ,

ni
2 ) and T (vi ) ∼=

T 0(ni ,
ni −1

2 ), respectively.
In the following, we will show that (i) if T (vi ) ∼= T 0(ni ,

ni
2 ), then d(vi ) −

2 = �(T 0(ni ,
ni
2 ));(ii) if T (vi ) ∼= T 0(ni ,

ni −1
2 ), then vi is one pendent vertex of

T 0(ni ,
ni −1

2 ) which is adjacent to the maximum-degree vertex of T 0(ni ,
ni −1

2 ).
First, we show (i) holds.
Suppose that d(vi ) − 2 < �(T 0(ni ,

ni
2 )).

Let u be a vertex in T (vi ) such that d(u) = �(T 0(ni ,
ni
2 )) and G ′ denote

the graph obtained by replacing two edges vi−1vi and vi+1vi of G by vi−1u and
vi+1u. Then G ′ ∈ Uk(2m, m) and

R0
α(G ′) − R0

α(G) = [(du + 2)α − dα
u ] − [dα

v − (dv − 2)α].
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If dv � du , then

R0
α(G ′) − R0

α(G) = [(du + 2)α − dα
u ] − [dα

v − (dv − 2)α]
= [(du + 2)α − dα

v ] − [dα
u − (dv − 2)α]

= (du + 2 − dv)α(ξα−1
1 − ηα−1

1 ),

where dv − 2 < η1 < du � dv < ξ1 < du + 2. Since α > 1 or α < 0, then
R0

α(G ′) > R0
α(G), contradicting the choice of G.

If dv < du , then

R0
α(G ′) − R0

α(G) = [(du + 2)α − dα
u ] − [dα

v − (dv − 2)α]
= 2α(ξα−1

2 − ηα−1
2 ),

where dv − 2 < η2 < dv < du < ξ1 < du + 2. Since α > 1 or α < 0, then
R0

α(G ′) > R0
α(G), a contradiction to the maximality of R0

α(G) once again. So
the desired result holds.

To show (ii) holds, we need only to prove that d(vi ) = 3 and d(u) = �(T (vi )),
where u = N (vi ) − {vi−1, vi+1}.

Since T (vi ) ∼= T 0(ni ,
ni −1

2 ) and G ∈ Uk(2m, m), then d(vi ) − 2 < �(T 0(ni ,
ni −1

2 )). Note that for any vertex w ∈ T 0(ni ,
ni −1

2 ), if d(w) < �(T 0(ni ,
ni −1

2 )),
then d(w) = 1 or d(w) = 2.

If d(vi )−2 = 2, there must exist a vertex in T 0(ni ,
ni −1

2 ) such that it can not
be saturated by some maximal matching M of G, a contradiction. So d(vi )−2 =
1, that is d(vi ) = 3.

If d(u) < �(T 0(ni ,
ni −1

2 )), then we still have a vertex in T 0(ni ,
ni −1

2 ) such
that it can’t be saturated by some maximal matching M of G, a contradiction
once again.

Therefore the proof is completed.

The following two lemmas can be obtained easily, so we omitted their
proofs here.

Lemma 3.9. Let 0 < α < 1 and G be a graph in Uk(2m, m) such that R0
α(G)

is as large as possible, then T (vi ) ∼= Pni for each vi ∈ S where ni = n(T (vi )).
Moreover, vi is one pendent vertex of Pni .

Lemma 3.10. Let 0 < α < 1 and G be a graph in Uk(2m, m) such that R0
α(G) is

as small as possible, then for each vi ∈ S, we have T (vi ) ∼= T 0(ni ,
ni
2 ) or T (vi ) ∼=

T 0(ni ,
ni −1

2 ). Moreover, if T (vi ) ∼= T 0(ni ,
ni
2 ), then d(vi ) − 2 = �(T 0(ni ,

ni
2 )); if

T (vi ) ∼= T 0(ni ,
ni −1

2 ), then vi is one pendent vertex of T 0(ni ,
ni −1

2 ) which is adja-
cent to the maximum-degree vertex of T 0(ni ,

ni −1
2 ).
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The following theorem will give a sharp lower bound for R0
α(G) among all

conjugated unicyclic graphs in �k(2m, m).

Theorem 3.11. Let G be a graph in Uk(2m, m) and α > 1 or α < 0, then R0
α(G) �

1+3α+(2m−2)2α with equality holds if and only if G ∼= (Ck, vi ) �� (P2m−k+1, vi ),
where vi is any vertex of Ck and one pendent vertex of P2m−k+1, respectively.

Proof. Let G be a graph in Uk(2m, m) with R0
α(G) taking the smallest value.

Then by lemma 3.7, T (vi j ) ∼= Pni j for each vi j ∈ S, where ni j = n(T (vi j )).
If |S| = 1, then the result holds. Now assume that |S| � 2.
Since T (vi j ) ∼= Pni j ( j = 1, . . . |S|), we denote T (vi j ) = x ( j)

0 x ( j)
1 . . . x ( j)

t j
(t j�1),

where x ( j)
0 = vi j ( j = 1, . . . |S|).

Set G ′ = G − x (2)

0 x (2)

1 − x (3)

0 x (3)

1 − · · · − x (|S|)
0 x (|S|)

1 + x (1)
t1 x (2)

1 + x (2)
t2 x (3)

1 + · · · +
x (|S|−1)

t(|S|−1)
x (|S|)

1 .
Obviously, G ′ ∈ Uk(2m, m) and

R0
α(G ′) − R0

α(G) = (|S| − 1)(2α − 3α) + (|S| − 1)(2α − 1).

For α > 1 or α < 0, we have R0
α(G ′)<R0

α(G), which contradicting the mini-
mality of R0

α(G). So |S| = 1 and the proof is completed.

The next theorem follows readily from the proof theorem 3.11 and lemma
3.9.

Theorem 3.12. Let G be a graph in Uk(2m, m) and 0 < α < 1, then R0
α(G) �

1+3α+(2m−2)2α with equality holds if and only if G ∼= (Ck, vi ) �� (P2m−k+1, vi ),
where vi is any vertex of Ck and one pendent vertex of P2m−k+1, respectively.

Lemma 3.13. Let f (x) = (x + 2)α + xα − 2(x + 1)α be defined in the interval
[1, +∞), then f (x) is a monotonically increasing function in [1, +∞) where α

is a constant greater than 2.

Proof. Note that f (x) = [(x + 2)α − (x + 1)α] − [(x + 1)α − xα], then

d f (x)

dx
= α[(x + 2)α−1 − (x + 1)α−1] − α[(x + 1)α−1 − xα−1]
= α(α − 1)(ξα−2 − ηα−2),

where 1 � x < η < x + 1 < ξ < x + 2.
When α > 2, we have d f (x)

dx
> 0. This implies the desired result.

In the following, we will give a sharp upper bound for R0
α(G) among all

conjugated unicyclic in �k(2m, m).
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Theorem 3.14. Suppose G is a graph in Uk(2m, m) and α > 2, we have the fol-
lowing

(i) If 2m = k + 2, then R0
α(G) � 2 + (k − 2)2α + 3α with equality holding

if and only if G � (Ck, P3).

(ii) If 2m � k + 3 and k is odd, then R0
α(G) � (m − k−1

2 ) + (m + k−3
2 )2α +

(m − k−5
2 )α with equality holds if and only if G ∼= (Ck, vi ) �� (T 0(2m −

k +1, 2m−k+1
2 ), vi ). Moreover, dvi −2 = �((T 0(2m −k +1, 2m−k+1

2 ), vi )).

(iii) If 2m � k+3 and k is even, then R0
α(G) � (m− k

2 )+(m+ k
2 −2)2α +3α +

(m+1− k
2 )α with equality holds if and only if G ∼= (Ck, vi ) �� (T 0(2m−

k + 1, 2m−k
2 ), vi ). Moreover , d(vi ) = 3 and u is the maximum-degree

vertex of (T 0(2m − k + 1, 2m−k
2 ), vi ) where u = N (vi ) − {vi−1, vi−1}.

Proof. Let G be a graph in Uk(2m, m) with R0
α(G) taking the maximum cardi-

nality. It follows from lemma 3.8 that T (vi ) ∼= T 0(ni ,
ni −1

2 ) or T (vi ) ∼= T 0(ni ,
ni
2 )

for each vi ∈ S.
If |S| = 1, then we must have 2m �= k + 2. If 2m = k + 2, then G ∼= (Ck, P3)

since G ∈ Uk(2m, m). By theorem 3.11, we have R0
α(G) = R0

α((Ck, P3)) < R0
α(G ′)

for any G ′ � (Ck, P3), contradicting the choice of G. So, 2m � k + 3. By lemma
3.8, (ii) or (iii) holds.

Suppose |S| � 2, we consider the following several cases:
Case 1. 2m = k + 2.

In this case, we can easily see that for any two graphs G1 and G2 in
Uk(2m, m), G1 � (Ck, P3) and G2 � (Ck, P3). Moreover, R0

α(G1) = R0
α(G2). Fur-

thermore, by theorem 3.11, we have R0
α(G) > R0

α((Ck, P3)) if G � (Ck, P3), so
(i) holds.
Case 2. 2m � k + 3.

We distinguish the following subcases:
For any vertex vi j ∈ S, j = 1, . . . |S|,we will denote n(T (vi j )) by n j herein-

after.
Subcase 2.1. n j = 2 for each vi j ∈ S.

Let V (G) − V (Ck) = {x1, . . . x|S|} and N (x j ) = vi j , j = 1, . . . |S|. Let
N (vi j ) − {x j } = {vi j −1, vi j +1}, j = 1, . . . |S|.

In this case, |S| � 3.
If |S| = 3, let G ′ = G − vi2 x2 − vi3 x3 + vi1 x2 + x2x3; If |S| � 4, let G ′ = G −

vi2 x2−vi3 x3−vi2−1vi2−vi2vi2+1−vi3vi3+1+vi2−1vi2+1+vi2vi3+vi2vi3+1+vi1 x2+x2x3.
In either cases, we have G ′ ∈ Uk(2m, m) and

R0
α(G ′) − R0

α(G) = (4α − 3α) + (2α − 1) − 2(3α − 2α)

= (4α + 2α − 2.3α) − (3α + 1 − 2.2α).
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Since α > 2, then R0
α(G ′) > R0

α(G) by lemma 3.13, a contradiction to the
choice of G.
Subcase 2.2. There exists some vil ∈ S such that nl = 3.

Since |S| � 2, there exists at least one vertex vit in S − {vil }.
Set G ′ = G − vil xl + vit xl , then G ′ ∈ Uk(2m, m) and

R0
α(G ′) − R0

α(G) = [(dvit
+ 1)α − dα

vit
] − (3α − 2α).

Since dvit
� 3 and α > 2, then R0

α(G ′) > R0
α(G), a contradiction once again.

Subcase 2.3. For any vertex vi j in S, n j � 4.
The following two subcases should be considered:

Subcase 2.3.1. There exists some vil ∈ S such that d(vil ) = �(G).
Since |S| � 2, there exists some vertex vit in S − {vil }. By lemmas 3.6,

2.1, and 3.1, there exists a pair of adjacent vertices xt and yt in T (vit ) such that
d(xt ) = 2 and d(yt ) = 1. Let N (xt ) − {yt } = {zt }.

Set G ′ = G − zt xt + vil xt , then G ′ ∈ Uk(2m, m) and

R0
α(G ′) − R0

α(G) = [(dvil
+ 1)α − dα

vil
] − [dα

zt
− (dzt − 1)α] = α(ξα−1 − ηα−1) > 0.

Since dzt − 1 < η < dzt < d(vit ) � d(vil ) < ξ < d(vil ) + 1 and α > 2. This
contradicts the maximality of R0

α(G).
Subcase 2.3.2. For any vertex vi j ∈ S, d(vi j ) < �(G). Let u be a vertex in G
such that d(u) = �(G), then u ∈ T (vil ) for some positive integer l.

Since |S|� 2, there exists some vertex vit in S − {vil }. By lemmas 3.6, 2.1,
and 3.1, there exists a pair of adjacent vertices xt and yt in T (vit ) such that
d(xt ) = 2 and d(yt ) = 1. Let N (xt ) − {yt } = {zt }.

The left thing we have to do is completely similar to that has been done in
subcase 2.3.1, and then an analogous contradiction occurs once again.

From the above argument, the desired result follows.

For each vi ∈ S, if n(T (vi )) � 3, we have the following theorems.

Theorem 3.15. Suppose G is a graph in Uk(2m, m) and α>1 or α<0. If n(T (vi )) �
3 for each vi ∈ S, then

(i)If k is odd, then R0
α(G) � (m− k−1

2 )+(m+ k−3
2 )2α+(m− k−5

2 )α with equal-
ity holds if and only if G ∼= (Ck, vi ) �� (T 0(2m − k + 1, 2m−k+1

2 ), vi ). Moreover,
d(vi ) − 2 = �((T 0(2m − k + 1, 2m−k+1

2 ), vi )).
(ii) If k is even, then R0

α(G) � (m− k
2 )+(m+ k

2 −2)2α +3α +(m+1− k
2 )α with

equality holds if and only if G ∼= (Ck, vi ) �� (T 0(2m − k + 1, 2m−k
2 ), vi ). More-

over, d(vi ) = 3 and u is the maximum-degree vertex of (T 0(2m −k +1, 2m−k
2 ), vi )

where u = N (vi ) − {vi−1, vi+1}.
From the proof of theorem 3.14, theorem 3.15 is then obvious.
Similarly, we have the following:
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Theorem 3.16. Suppose G is a graph in Uk(2m, m) and 0 < α < 1. If n(T (vi )) �
3 for each vi ∈ S, then

(i) If k is odd, then R0
α(G) � (m − k−1

2 ) + (m + k−3
2 )2α + (m − k−5

2 )α with
equality holds if and only if G ∼= (Ck, vi ) �� (T 0(2m − k + 1, 2m−k+1

2 ), vi ). More-
over, d(vi ) − 2 = �((T 0(2m − k + 1, 2m−k+1

2 ), vi )).
(ii)If k is even, then R0

α(G) � (m − k
2 )+(m + k

2 −2)2α +3α +(m +1− k
2 )α with

equality holds if and only if G ∼= (Ck, vi ) �� (T 0(2m − k + 1, 2m−k
2 ), vi ). More-

over, d(vi ) = 3 and u is the maximum-degree vertex of (T 0(2m −k +1, 2m−k
2 ), vi )

where u = N (vi ) − {vi−1, vi+1}.
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MATCH Commun. Math. Comput. Chem. 54 (2005) 425–434.
[9] H. Hua and H. Deng, On Uincycle graphs with maximum and minimum zeroth-order general
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